Berry curvature is an imaginary component of the quantum geometric tensor (QGT) and is well studied in many branches of modern physics; however, the quantum metric as a real component of the QGT is less explored. Here, by using tunable superconducting circuits, we experimentally demonstrate two methods to directly measure the quantum metric tensor for characterizing the geometry and topology of underlying quantum states in parameter space. The first method is to probe the transition probability after a sudden quench, and the second one is to detect the excitation rate under weak periodic driving. Furthermore, based on quantum-metric and Berry-curvature measurements, we explore a topological phase transition in a simulated time-reversal-symmetric system, which is characterized by the Euler characteristic number instead of the Chern number. The work opens up a unique approach to explore the topology of quantum states with the QGT.
Berry curvature is an imaginary component of the quantum geometric tensor (QGT) and is well studied in many branches of modern physics; however, the quantum metric as a real component of the QGT is less explored. Here, by using tunable superconducting circuits, we experimentally demonstrate two methods to directly measure the quantum metric tensor for characterizing the geometry and topology of underlying quantum states in parameter space. The first method is to probe the transition probability after a sudden quench, and the second one is to detect the excitation rate under weak periodic driving. Furthermore, based on quantum-metric and Berry-curvature measurements, we explore a topological phase transition in a simulated time-reversal-symmetric system, which is characterized by the Euler characteristic number instead of the Chern number. The work opens up a unique approach to explore the topology of quantum states with the QGT.
Introduction.-Geometry is one of the most intriguing concepts for understanding diverse fundamental phenomena in modern physics, ranging from general relativity and gauge theory to quantum mechanics. The geometry of quantum states in Hilbert space can be described by the so-called quantum geometric tensor (QGT) [1] [2] [3] , whose real and imaginary components define the quantum metric (or Fubini-Study metric) and the Berry curvature, respectively. The Berry curvature has been explored in various topics including the celebrated Aharonov-Bohm effect [4] , Berry phase effect [3, 5] , and the more recent topological quantum matter [6] [7] [8] [9] . For instance, the integral of the Berry curvature over a closed two-dimensional manifold defines the first Chern number [10] , which is a topological invariant to characterize quantized Hall conductivity and Chern insulators [11] . Recently, the Berry curvature has been directly measured in some engineered systems, such as cold atoms [9, [12] [13] [14] [15] , photonic lattices [16] , and superconducting quantum circuits [17] [18] [19] [20] .
Compared to the well-studied Berry curvature, the quantum metric is less explored, both theoretically and experimentally. The quantum metric is an intrinsic geometric concept that reflects the distance between neighbouring quantum states in parameter space and is associated with a different topological invariant, the Euler characteristic number (ECN), for describing the topology of the state manifold [21] [22] [23] [24] [25] . Recently, it was shown that the quantum metric is closely related to the quantum phase transition [26] , superfluidity in flat bands [27] , and topological matter [28] [29] [30] . Several schemes have been proposed to extract the quantum metric [25, [31] [32] [33] [34] [35] [36] , but its direct experimental measurement remains elusive. Moreover, to the best of our knowledge, a topological phase transition characterized by the ECN [24] , which can be obtained from the quantum-metric measurements, is still lacking in experiments.
In this Letter, we experimentally demonstrate two different methods to directly measure the QGT in parameter space using tunable superconducting circuits. The first method is to probe the transition probability after a sudden quench of the system parameters, which is associated with the wave-function overlap. The second method is to detect the excitation rate under weak periodic driving on a quantum state, as proposed in Ref. [32] . Furthermore, based on quantum-metric and Berrycurvature measurements, we explore a phase transition in a simulated time-reversal-symmetric (TRS) system, which is characterized by the ECN instead of the (vanishing) Chern number. Our work thus provides generic and versatile tools to reveal the geometry and topology of quantum states.
Quantum metric and measurement schemes.-We consider a generic (non-degenerate) quantum state |u λ in a parameter space spanned by N dimensionless parameters λ = (λ 1 , λ 2 , · · · , λ N ). The so-called QGT associated with |u λ is defined as [1] tween nearby states |u λ and |u λ+dλ in parameter space [2, 37] 
which is related to the wave-function overlap, as shown in Fig. 1(a) . The quantum metric and the Berry curvature are gauge-invariant and describe the complete geometry of the quantum state manifold. We take a two-level system in a Bloch sphere S 2 (twodimensional Hilbert space) as an example to illustrate the basic ideas of the QGT. The system Hamiltonian can be parameterized as
where the two angles {θ, φ} represent the parameters λ. For both the ground state |u − = (sin
Tr and the excited state |u + = (cos
Tr with Tr denoting the transpose of a matrix, the quantum metric is given by g θθ = 1/4, g φφ = sin 2 θ/4, and g θφ = 0. However, the Berry curvature for |u ± is the opposite:
By viewing the Berry connection as the vector potential, one simulates a Dirac monopole at the center of the Bloch sphere [cf. Fig. 1(b) ], which has a topological charge in terms of the first Chern number
The topology of the twodimensional manifold M can also be characterized by another topological invariant related to the metric tensor, i.e., the ECN [24, 25] 
where R is the Ricci scalar curvature and g denotes the 2×2 metric tensor. For M = S 2 with {µ, ν} = {θ, φ} and R = 8, χ = 2 for both |u ± . Here χ = 2|C ± | due to an intrinsic relation between the Berry curvature associated with the monopole and the determinant of the metric tensor: F θφ = 2 √ det g. If the closed manifold is a torus M = T 2 without monopoles, one has χ = 0, as shown in Fig. 1(c) .
Different from the first Chern number which should vanish in a system in the presence of TRS, the ECN χ can be nontrivial under this condition. Below we will show that this index can characterize a topological phase transition in a simulated TRS system: χ rapidly jumps with respect to an external parameter, while the Chern number is always zero and thus not an appropriate topological index.
The distance ds 2 in Eq. (2) actually gives the transition probability P + = ds 2 of the quantum state being excited to other eigenstates during a sudden quench of the parameter from λ to λ + δλ [1, 29] , as shown in Fig. 1(a) . This observation provides a generic and direct approach to measure the quantum metric tensor via the transition probability in the sudden approximation. We initially prepare the system at λ = λ 0 to detect the quantum metric at that point. To extract the diagonal components g µµ , we suddenly quench the system parameter to λ 0 +δλe µ along the e µ direction and then measure the transition probability P
. To extract the off-diagonal components g µν (µ = ν), we apply a sudden quench to λ 0 +δλe µ +δλe ν along the e µ +e ν direction and then measure the probability P + µν , which has the relation P
. Another scheme we used to extract the components of the quantum metric is via the excitation rate of a quantum state upon applying proper time-periodic modulations [32, 37] .
Experimental system.-We realize a highly tunable twolevel Hamiltonian with superconducting quantum circuits and measure the quantum metric using the two different methods. The circuits consist of a superconducting transmon qubit embedded in a three-dimensional aluminium (Al) cavity [19, 20, [38] [39] [40] [41] . The transmon qubit is composed of an Al single Josephson junction and two pads (250 µm × 500 µm) fabricated on a 500 µm thick silicon substrate. The thicknesses of the two Al films of the junction are 30nm and 80nm, respectively. The cavity in our experiments is mainly used to conveniently control and readout the transmon qubit. The resonance frequency of the cavity TE101 mode is 9.053 GHz. The whole sample package is cooled in a dilution refrigerator to a base temperature of 10 mK. The experimental setups for the qubit control and measurement are well established [19, 20, [38] [39] [40] [41] . The coupled transmon qubit and cavity exhibit anharmonic multiple energy levels. In our experiments, we use the lowest two energy levels |0 and |1 , which are coupled with the microwave fields. The transition frequency between them is ω 10 /2π = 7.172 GHz, which is independently determined by saturation spectroscopies. The energy relaxation time of the qubit is T 1 ∼7 µs, and the dephasing time is T * 2 ∼6 µs. We apply the microwave driving along x, y, and z directions and realize the effective Hamiltonian in the rotating frame (let = 1)
where σ x,y,z are the three Pauli matrices.
Here Ω x (Ω y ) is the Rabi frequency along the x (y) axis on the Bloch sphere, which can be controlled by tuning the amplitude and phase of the microwave applied to the system, Ω z = ω 10 − ω m is determined by the detuning between the system energy level spacing ω 10 and the microwave frequency ω m . The parameters Ω x,y,z are calibrated by using Rabi oscillations and Ramsey fringes in our experiments [37] . In our experiments, we can simultaneously tune the frequency, amplitude, and phase of the microwaves to create arbitrary two-level Hamiltonians. In particular, we work with two Hamiltonians that can be represented as a sphere and a torus manifold in parameter space, respectively. First of all, we realize H exp = H 1 (θ, φ) in Eq. (3) by setting the microwave point by point to design the three parameters as Ω x = Ω sin θ cos φ, Ω y = Ω sin θ sin φ, and Ω z = Ω cos θ, where Ω = 10 MHz is set as the energy unit.
Measuring the quantum metric by sudden quench.-We now describe our experiments to measure the quantum metric g θθ , g φφ and g θφ by using the sudden quench scheme. The three quench protocols are illustrated in Fig. 2(a) . The system is initially prepared at an eigenstate of the Hamiltonian H 1 (λ 0 ) in the parameter space λ = {θ, φ}. Then the Hamiltonian is rapidly swept to H 1 (λ 0 + δλ), followed by a state tomography to obtain the transition probability. In our experiment, we set the parameter quench λ(t) = λ 0 + t/T δλe η along the e η direction, where the quench time T = 5 ns [42] , δλ = π/16, and e η = {e θ , e φ , e θ +e φ } for the three protocols, respectively. This means that only θ or φ is ramping linearly in the first two quenches, while θ and φ are simultaneously ramping in the third quench. From state tomography, we can extract the quantum metric at λ 0 from the measured transition probability:
and g θφ ≈ (P
2 . In order to simplify the state initialization and increase the measurement fidelity, we rotate the frame axis in the experiment to keep the eigenstate of the initial Hamiltonian always in the energy level |0 [37] . The measured quantum metric g µν as a function of θ for the ground state |u − and the excited state |u + are respectively shown in Fig. 2(b) and 2(c) , which agree well with the numerical results from fulltime-dynamics simulations. The obtained ECN from Eq. (4) for |u − (|u + ) is χ = 1.99 ± 0.04 (χ = 2.01 ± 0.04), which is close to the theoretical value 2. In order to obtain the full QGT, we also measure the Berry curvature F θφ using the quasi-adiabatic dynamical response method [17-20, 37, 43] , and extract the Chern number C = 1.05 ± 0.10 (C = 0.96 ± 0.06) for |u − (|u + ).
Measuring the quantum metric by periodic drive.-We then demonstrate another method to measure the quantum metric of the ground state |u − from excitation rate under periodic weak drive [32, 37] . The implemented three drive protocols for extracting g θθ , g φφ , and g θφ are illustrated in Fig. 3(a) . The system is initially prepared at λ 0 = (θ 0 , φ 0 ), and only the parameter θ (φ) is modulated as θ(t) = θ 0 + 2(E/ω) cos(ωt) (with θ ↔ φ) to detect g θθ (g φφ ) at that point, with frequency ω and small modulation amplitude E/ω 1. Under this modulation, the system will be excited to |u + with the probability n + . An example of measured and simulated n + (ω, t) as a function of ω and the evolution time t is shown in Fig. 3(b) . In our experiment, we set the modulation amplitude E/ω = 0.1 and the frequency range ω ∈ [ω min , ω max ], where ω min = 0.5Ω and ω max = 3.5Ω. At the measurement time t meas = 200 ns, we can obtain the excitation rate Γ(ω) = n + (ω, t meas )/t meas . Based on the time-dependent perturbation theory [32] , the diagonal component of the quantum metric g θθ (g φφ ) can be obtained from the equation: g θθ = ωmax ωmin Γ(ω)dω/(2πE 2 ) (θ ↔ φ). Similarly, the off-diagonal component g θφ can be extracted from the excitation rate [32, 37] , by combining two sets of measurements while simultaneously modulating the two parameters θ(t) = θ 0 + 2(E/ω) cos(ωt) and φ(t) = φ 0 ± 2(E/ω) cos(ωt). Finally, the measured quantum metric as a function of θ is shown in Fig. 3(c) , which agrees with the full-time-dynamics simulation results. The obtained ECN is χ = 2.38 ± 0.30. The uncertainty here is much larger than that of the sudden quench. The reason is that for the periodic drive, before evolving the qubit and performing tomography, we cannot evade the state initialization by rotating the frame axis as in the sudden quench. The imperfection of state preparation due to the qubit control and decoherence significantly increase the fluctuation.
Topological phase transition characterized by the ECN.-To further show the application of the quantum metric, we explore phase transition characterized by the ECN in our superconducting circuits. By designing the microwave fields on the qubit, we realize the second two-level Hamiltonian proposed in Ref. [24] on a manifold spanned by the parameters k = (k x , k y ) with {k x , k y } ∈ [0, 2π]:
where h is a tunable, dimensionless parameter and α = 0.5 in our experiment. The Hamiltonian H 2 (k) can describe a Bloch band in momentum (k) space for spinless free fermions. It is equivalent to the many-body Hamiltonian of the XY spin chain after the Jordan-Wigner and Fourier transformations to a (1+1)-dimensional momentum space [24, [44] [45] [46] , which is spanned by the reduced k x ∈ [0, π] and a local U (1) gauge phase ϕ ∈ [0, 2π] acting as k y . Under the time reversal operator T = K, where K is the complex conjugation, one can find that H 2 (k) is TRS since it satisfies the condition T H 2 (k)T −1 = H 2 (k). Due to the TRS, the Berry curvature F(k) = −F(−k) [37] , which gives the zero Chern number as the integral of F(k) in the torus T 2 . Thus, we need an appropriate topological number to characterize the phase transition for this case. We demonstrate that the ECN χ acts as such an index. In order to obtain χ in Eq. (4), we calculate √ det g for the ground state |u k [37] :
with f = (h + cos k x ) 2 + α 2 sin 2 k x , which is independent of k y . Thus, one can obtain χ = 4 2π 0 √ det gdk x under the condition {k x , k y } ∈ [0, 2π], while the integration over k x is taken from 0 to π for the spin chain model discussed in Ref. [24] . This gives rise to the difference of χ with a factor 2 between the two cases, which can be intuitionally understood as the doubling of the monopoles in the enlarged state manifold. In our experiment, we first prepare the qubit in the ground state of the simulated Hamiltonian H 2 (k) by setting the microwave with the three parameters as Ω x = αΩ sin k x cos k y , Ω y = αΩ sin k x sin k y , and Ω z = Ω(h + cos k x ), where Ω = 10 MHz is set as the energy unit. Then, using the sudden-quench protocols, we directly measure the quantum metric. The measured value of √ det g as a function of the parameters k x and h is plotted in Fig. 4(a) (left) , which agrees with the theoretical result (right). The extracted χ as a function of h is shown in Fig. 4(b) . It is clear that χ ≈ 4 declines rapidly to χ ≈ 0 near h = ±1, which indicate the phase transitions. For comparison, we measure the Berry curvature F(k) from the quasi-adiabatic dynamical response [17] [18] [19] [20] and obtain the Chern number
for all h as excepted, which is plotted in Fig. 4(b) .
Conclusion.-In summary, we have demonstrated two methods to measure the quantum metric using a superconducting qubit. We have further explored a topological phase transition characterized by the ECN in a simulated TRS system. The technologies developed here can be readily generalized to reveal the geometry and topology of other intriguing quantum states, such as tensor monopoles [30] and non-Abelian Yang monopoles [15] defined in four-and five-dimensional parameter spaces, respectively. Our work provides a novel way to experimentally explore the geometry and topology of the quantum states beyond the terminology of the Berry curvature.
